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A "PSEUDOPOLYNOMIAL" ALGORITHM FOR SEQUENCING
JOBS TO MINIMIZE TOTAL TARDINESS*
Eugene L. LAWLER
Computer Science Division, University of California, Berkeley, CA

Suppose n jobs are to be processed by a single machine. Associated with each job j are a fixed
integer processing time Pj, a due date djl and a positive weight Wj' The weighted tardiness of job j
in a given sequence is Wj max (0, Cj - dj ), where Cj is the completion time of job j. Assume that
the weighting of jobs is "agreeable", in the sense that Pi < pj implies W ~ Wj' Under these
conditions, it is shown that a sequence minimizing total weighted tardiness can be found by a
dynamic programming algorithm with worst-case running tim-e of O(n 4 p) or O(n 5 Pmax), where
P = 2:: pj and pmax = max {Pj}' The algorithm is "pseudopolynomial", since a true polynomial=
bounded algorithm should be polynomial in 2:: log2pj.
j

1. Introduction
Suppose n jobs are to be processed by a single machine. Associated with each
job j are a fixed integer processing time Ph a due date dj, and a positive weight Wj.
The tardiness of job j in a sequence is defined as 7j = max {O, G - dj }, where q is
the completidn .time of job j. The problem is to find a sequence which minimizes
total weighted tardiness, L Wj 7j, where the processing of the first job is to begin at
time t = O.
Let us assume that the weighting of jobs is agreeable, in the sense that Pi < pj
implies Wi ~ Wj. Under these conditions, it is shown in this paper that an optimal
sequence can be found by a dynamic programming algorithm with worst-case
4
running time of O(n p) or O(n 5 Pmax), where P = ·~Pj, and pmax = max{pj}.
The proposed algorithm is distinguished from previous algorithms [5, 7, 1~1 for this
problem in that its running time is bounded by a function that is polynomial, rather
exponential, in n. However, the present algorithm does not qualify as a
nA'unomial algorithm in the accepted sense of the term. This is because the running
is not bounded by a polynomial in the number of bits required to specify an
ul.c>l.culCe of the problem in binary encoding. To be. polynomial in this sense, the
time should be polynomial in 2: logzpij, rather than P or pmax.
the proposed algorithm is not polynomial with respect to binary
of data, it is polynomial with respect to an encoding in which the pj values
in unary notation. For this reason, we say that the algorithm is
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If the weights of jobs are unrestricted ("disagreeable"), then the weighted
tardiness problem is NP-complete, even if all data are encoded in unary notation.
(See proof in appendix.) This means that the existence of a pseudopolynomial
algorithm is very unlikely. Or more precisely, such an algorithm exists if and only if
there are similar algorithms for the traveling salesman problem, the three dimensional assignment problem, the chromatic number problem, and other well-known
"hard" problems [6].
It should be mentioned that there is as yet no proof that the agreeably weighted
tardiness problem is NP-complete with respect to binary encoding. Hence one may
still hope to find a polynomial algorithm. Some unsuccessful attempts are described
in the final section of this paper.
There are many closely related types of sequencing problems in which the
distinctions between agreeable weighting and unrestricted weighting and between
binary encoding and unary encoding are significant. For example, suppose all jobs
have the same due date. Then the unrestricted weighted tardiness problem can be
solved by a pseudopolynomial algorithm with O(nZp) complexity [10], whereas the
agreeably weighted case yields to an O(n log n) procedure (SPTorder). Orsuppose
we seek to minimize the weighted number of tardy jobs (with respect to arbitrary
due dates). The unrestricted problem is NP-complete with respect to binary
encoding, but can be solved in 0 (nP) time [10]. The agreeably' weighted case can
be solved in O(n log n) time [9,11].

2. Theoretical development
Theorem 1. Let the jobs have arbitrary weights. Let 17 be any sequence which
optimal with respect to the given due dates dl, d z, ••• , dm and let G be 'the comvletion
time of job j for this sequence. Let d j be chosen such that
min (dj, G) ~

dj~ max

(dj, G).

Then any sequence 17' which is optimal with respect to the due dates
is also optimal with respect to d 1 , d z, ... , d n (but not conversely).

d~, d~,

Proof. Let T denote total weighted tardiness with respect to dl, d z, ... , d n
denote total weighted tardiness with respect to d~, d~, ..., d~. Let 17'
sequence which is optimal with respect to d f, d~, ..., d~, and let Cj
completion time of job j for this sequence. We have

T(l7) = T'(l7) +

L Ah
j

T( 17') = T'( 17') +

LB
j

where, if Cj ~ dj,

j
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A j =0

B j = - Wj max (0, ~in (Cj, dj) - dj),
and, if

G ~ dj,
A j = wj(dj- dj)
Bj =

Wj

max (0, min (Cj, dj) - dj).

Clearly Aj~Bj and LjAj~LjBj. Moreover, T'(l7)~T'(l7'), because 17' is
assumed to minimize T'. Therefore the right hand side of (1.1) dominates the right
hand side of (1.2). It follows that T( 17) ~ T( 17') and 17' is optimal with respect to
db d z , .•• , dn • 0
Theorem 2. Suppose the jobs are agreeably weighted. Then there exists an optimal
sequence 17 in which job i precedes job j if di ~ dj and Pi < Ph and in which all on time
jobs are in nondecreasingdeadline order.
Proof. Let 17 be an optimal sequence. Suppose i follows j in 17, where d i ~ d j and
Pi < pj' Then a simple interchange of i and j yields a sequence for which the total
weighted tardiness is no greater. (Cf. [13, proof of Theorem 1].) If i follows j, where
d i ~ dj and i and j are both on time, then moving j to the position immediately
following i yields a sequence for which the total weighted tardiness is no greater.
Repeated applications of these two rules yields an optimal sequence satisfying the
conditions of the theorem. 0
In order to simplify exposition somewhat, let us assume for the purposes of the
following theorem that all processing times are distinct. If processing times are not
distinct, they may be perturbed infinitesimally without upsetting the assumption of
agreeable weighting or otherwise changing the problem significantly. Hence there is
no loss of generality.

..
Theorem 3. Suppose the jobs are agreeably weighted and numbered in nondecreasing due date order, i. e. d 1 ~ dz ~ ... ~ dn • Let job k be such that Pk = maXj {Pj}. Then
there is some integer 0, 0 ~ ~ n - k, such that there exists an optimal sequence 17 in
k is preceded by all jobs j such that j ~ k + 0, and followed by all jobs j such
j > k + o.

°

Let C£ be the latest possible completion time of job k in any sequence
is optimal with respect to due dates db d z, ... , dn • Let 17 be a sequence which
optimal
with
respect
to
the
due
dates
d 1 , d z , ..• , dk- b d £=
d k ), d k + 1 , ••• , d n , and which satisfies the conditions of Theorem 2 with
to these due dates. Let Ck be the completion time of job k for 17. By
1, 17 is optimal with respect to the original due dates. Hence, by
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assumption, C k ~ d £. Job k cannot be preceded in 1T by any job j such that d j > d I,
else job j would also be on time, in violation of the conditions of Theorem 2. And
job k must be preceded by all jobs j such that dj ~ d L Let 0 be chosen to be the
largest integer such that d k + o ~ d £ and the theorem is proved. 0
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Ck{O) = t + LPj',
where the summation is taken over all jobs j' E S (i, k + 0, k ' ).
The initial conditions for the equations (3.1) are

T(e/>, t) =

°

T({j}, t) = Wj max (0, t

+ pj - dj).

3. Dynamic programming solution
Assume the jobs are agreeably weighted and numbered in nondecreasing
deadline order. Suppose we wish to find an optimal sequence of jobs 1,2, ..., n, with
processing of the first job to begin at time t. Let k be the job with largest processing
time. It follows from Theorem 3 that, for some 0, 0 ~ 0 ~ n - k, there exists an
optimal sequence in the form of:
(i) jobs 1,2, ..., k - 1, k + 1, ..., k + 0, in some sequence, starting at time t,
followed by
(ii) job k, with completion time Ck (0) = t + Lj~k+oPh followed by,
(iii) jobs k + 0 + 1, k + 0 + 2, ..., n, in some sequence, starting at time C k (0).
By the well known principle of optimality it follows that the overall sequence is
optimal only if the sequences for the subsets of jobs in (i) and (iii) are optimal, for
starting times t and C k (0), respectively. This observation suggests a dynamic
programming method of solution. For any given subset S of jobs and starting time t,
there is a well-defined sequencing problem. An optimal solution for problem S, t
can be found recursively from optimal solutions to problems of the form S', t ' ,
where S' is a proper subset of Sand t ' ~ t.
The subset S which enter into the recursion are of a very restricted type. Each
subset consists of jobs in an interval i, i + 1, ..., j, with processing times strictly less
than some value Pk. Accordingly, denote such a set by
S (i, j, k )

= {j I i ~ j
I

I

~ j, Pj' < Pk },

and let
T( S (i, j, k ), t)

= the

total weighted tardiness for an optimal sequence
of the jobs in SCi, j, k), starting at time t.

It is easy to establish an upper bound on the worst-case running time required to
compute an optimal sequence for the complete set of n jobs. There are no more
than O(n 3 ) subsets S(i,j, k). (There are no more than n values for each of the
indices, i, j, k. Moreover, several distinct choices of the indices may specify the same
subset of jobs.) There are surely no more than P = L pj ~ npmax possible values of t.
Hence there are no more than O(n 3 p) or o (n 4 p max ) equations (3.1) to be solved.
Each equation requires minimization over at most n alternatives and 0 (n ) running
time. Therefore the overall running time is bounded by O(n 4 p) or o (n 5 Pmax).
At this point we have accomplished the primary objective of this paper, which is
to present an algorithm which is polynomial in n. The remaining sections are
devoted to a discussion of various computational refinements.

40 Refinements of the algorithm
There are several possible refinements of the basic algorithm that may serve to
reduce the running time significantly. However, none of these refinements is
sufficient to reduce the theoretical worst-case complexity; some may actually
worsen it.

Representation of subsets

It should be noted that S (i, j, k) may denote precisely the same subset of jobs as
S (i',j', k ' ) even though ii- i', ji- j', ki- k ' . The notation used in (3.1) is employed
only for convenience in specifying subsets. Obviously, the computation should not
be allowed to be redundant.

By the application of Theorem 3 and the principle of optimality, we have:
T(S(i,j, k), t) = min {T(S(i, k + 0, k'), t)+ Wk' max (0, Ck{o)- dk )
o

+ T(S(k' + 0 + 1, j, k'), Ck,(o)}
where k' is such that

I

Pk' = max{pj' j' E S (i,j, k)},
and

Only a very small fraction of the possible subproblems S, t are of significance in a
calculation. Any practical scheme for implementing the recursion should
two phases. In the first, subproblem generation phase, one starts with the
S = {I, 2, ..., n}, t = 0 and successively breaks it down into o·nly those
CUh~r~hJems S, t for which equations (3.1) need to be solved. In the second,
phase, one solves each of the subproblems generated in the first phase,
in the order opposite to that in which they were generated.
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Restriction of 0

It is often not necessary for 0 to range over all possible integer values in (3.1).
The range of 0 can sometimes be considerably restricted by the technique
described in the next section, thereby reducing the number of subproblems that
need be generated and solved.
Shortcut solutions

There are some "shortcut" methods of solution for the sequencing problem.
Whenever one of these shortcut methods is applicable to a subproblem S, t
generated in the first phase of the algorithm, it is unnecessary to solve that problem
by recursion of the form (3.1) and no further subproblems need be generated from
it. A discussion of shortcut solution methods is given in Section 6.
Branch-and-bound

At least in the case of problems of moderate size, there appears to be relatively
little d~plication of the subproblems produced in the subproblem generation phase
of the algorithm. In other words, the recursion tends to be carried out over a set of
subproblems related by a tree structure, or something close to it. It follows that
there may be some advantage to a branch-and-bound method, based on the
structure of equations (3.1). Such a branch-and-bound method might have a very
poor theoretical worst-case running time bound, depending on the nature of the
bounding calculation and other details of implementation. However, if a depth-first
exploration of the search tree is implemented, storage requirements could be very
drastically reduced.
It is apparent that the form of recursion (3.1) furnishes a point of departure for
the development of many variations of the basic computation.

Sequencing jobs to minimize tardiness

(0) Set i = 1.
(1) Set d£ = t

+ L jES ' Ph where S' = {j

Id

j
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~ dk,j E S}.

Comment. If job k has due date dk , then by Theorem 2 there exists an optimal
sequence in which the completion time of job k is at least as large as d £.
(2) If d ~ > d k set d k

=

d £ and return to Step 1.

Comment. By Theorem 1, there exists a sequence which is optimal with respect to
d ~ which is optimal with respect to d k •
Let j be the largest index in S such that d j ~ d k • Seto i = j - k.
Let S" = {j d j > dk, j E S}. If S" is empty, stop. Otherwise, let j' be such that

I

dj'

min {dj },

=

jES"

and set dk = dj" Set i = i

+1

and return to Step 1.

As an example of the application of the above procedure, consider the first test
problem given in Appendix A of [1]. All Wj = 1. The pj and d j values are as follows:

Note.. that k

j

1

2

3

4

5

6

7

8

pj

121

79

147

83

130

102

96

88

dj

260

266

269

336
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400

683

719

=

3. Equation (3.1) yields:
T(S(l, 3, 3), 0) + 78 + T(S(4, 8, 3),347),
T(S(l, 4,3),0) + 161 + T(S(5, 8, 3),430),

T({l, 2, ..., 8}, 0) = min

T(S(l, 5, 3), 0) + 291

+ T(S(6, 8,3),560),

T(S(l, 6, 3), 0) + 393 + T(S(7, 8,3),662),.

5. Restriction of 0
The number of distinct values of 0 over which minimization must be carried
in equation (3.1) can sometimes be reduced by appropriately invoking TheoreruL.J
and 2. If this is done in the state generation phase of the algorithm, there may
considerable reduction in the number of subproblems which must be
Consider a subproblem S, t. Let k be such that

T(S(l, 7,3),0) + 489 + T(S(8, 8,3),758),
T(S(l, 8, 3), 0) + 577 + T(¢,846)

Applying the procedure above, we obtain 01 = 3, 02 = 5 and the simplified
equation:
_
. {T(S(l' 6, 3), 0) + 393 + T(S(7, 8,3), 662, }
T({l, 2, ... , 8}, 0) - mIn

Pk = max {Pj},
jES

and assume that Pk > Ph for all j E S - {k }. We also assume that the
numbered so that d 1 ~ d 2 ~ • • • ~ d n • The following algorithm determine..,
values Oi, i = 1,2, ... ~ n - k, over vyhich it is sufficient to carry out minimizatll
equation (3.1).

(5.1)

T(S(l, 8, 3), 0) + 577 + T(¢,846)

Shortcut solutions
solutions are sometimes provided by generalizations of two welltheorems for the unweighted tardiness problem [3].

B.L. Lawler
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Theorem 4. Let the jobs be given arbitrary weights. Let 7T be a sequence in which
jobs are ordered in nonincreasing order of the ratios Wj/Pj. If all jobs are tardy, then 7T
is optimal.

By Theorem 1, an optimal solution to the sequencing problem with respect to
induced due dates dj, j = 1,2, ..., n, is optimal with respect to the due dates dj •
Hence Theorems 4 and 5 can be applied with respect to the induced due dates.
As an application of Theorems 4 and 5, let us solve equation (5.1). Consider first
the application of Theorem 5 to S(l, 8, 3), t = O. If the jobs in S(l, 8, 3) are
sequenced in increasing dj-order, i.e. 1,2,4,5,6, 7, 8, then jobs 5 and 6 are tardy so
Theorem 5 does not apply. However, if induced due dates are computed, it is found
that d~ = 515, with dj = dj, for j ~ 5. When the jobs are sequenced in increasing
dj-order, i.e. 1, 2, 4, 6,5,7, 8,- no jobs are tardy with respect to dj. By Theorem 1,
the sequence is optimal with respect to the original due dates and T(S(l, 8, 3), 0) =
178. Also by Theorem 5, T(S (1, 6, 3), 0) = 178. And by Theorem 4,
T(S(7, 8, 3), 662) = 194. Hence (5.1) becomes:
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Proof.

Note that

L

Wj1j =

L

WjCj +

2:

Wj max (0, dj - Cj)-

L

wjdj.

It is well-known [14] that 7T minimizes ~ WjCj. If all jobs are tardy, then each term
in the second summation is zero and that sum is also minimized. 0
Note that if jobs are agreeably weighted and processing times are distinct, then
wj/pj-ratio order is equivalent to shortest processing time order.
Theorem 5.

Let the jobs be given arbitrary weights. Let 7T be a sequence for which
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178 + 393 + 194,}
T({l, 2, ..., 8}, 0) = min { 178 + 577 + 0

max {Wj1j}
j

=755,

is minimum. If at most one job is tardy, then
Proof.

Obvious.

7T

is optimal.

0

Note that in the unweighted case, nondecreasing due date order mInImIzes
maximum tardiness. In the case of arbitrary weightings, a minmax optimal order
can be constructed by the O(n Z ) algorithm given in [8].
The application of these two theorems can be strengthened considerably by
applying them to an earlier or a later set of due dates induced by Theorems 1 and 2.
For a problem S, t let the jobs in S be numbered so that PI> Pz > ... > pn. New
(earlier) deadlines dj for the application of Theorem 4 can be induced by the
following algorithm.
(0)
(1)
(2)
(3)

Set k = n+l.
If k = 1, stop. Otherwise, set k = k - 1.
Set d~ = dk •
Let S(k) = {j j E S, dj ~ d~, pj > Pk}. Set Ck = t + ~jES-S(k) pj'

as indicated by Baker [1]. An optimal sequence is: 1, 2, 4, 6, 5, 7, 8, 3. Most of the
test problems on the same list can be resolved with similar simplicity.
It should be mentioned that even in the case that Theorems 4 and 5 do not yield
shortcut solutions, it may be possible to reduce the size of a subproblem with the
following observation.

I

Theorem 6.' Let k be such that d£ = max {dj j E S}, where the dj are induced
deadlines obtained as above. Let P be the sum of the processing times of jobs in S. If
P + t ~ d £, then

T(S, t) = T(S - {k}, t) + Wk max{O, P + t - dk }.
Proof.

Cf. [2].

0

I

Comment. S(k) contains all those jobs which can be assumed
Theorem 2.
(4) If Ck < d~, set d~ = Ck and return to Step 3. Otherwise, return to Step
New (later) due
(0) Set k = 1.
(1) If k = n, stop.
(2) Set d£ = dk.
(3) Let S(k) = {j j
(4) If C k > d~, set

I

dates d ~ can be induced by the following algorithm:
Otherwise, set k

= k + 1.

E S, dj ~ d~, pj < Pk}. Set Ck = t + Pk + ~jES(k) pj'
d £= C k ~nd return to Step 3. Otherwise,

7. Possibilities for a polynomial algorithm

As we have commented, the status of the agreeably weighted tardiness problem
unclear. The proposed algorithm is only "pseudopolynomial". However, no
oroblem reduction has been devised to show that the problem is NP-complete, and
may still reasonably suppose that a polynomial algorithm does exist.
There are some possibilities that do not seem rewarding in searching for a
.lunomial algorithm. For a given set S, T(S, t) is a piecewise linear function of t. If
t) were also convex, and all Wj = 1, then T(S, t) could be characterized by at
+ 1 linear segments, with successive slopes 0, 1,2, .. . ,n. The function T(S, t)

B.L. Lawler
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could then be computed in polynomial time, using equation (3.1). Unfortunately,
T(S, t) is not convex, as can be shown by simple counterexamples.
If the values of 8 for which the minimum is obtained in (3.1) were monotonically
nondecreasing with t, then this would also suggest a polynomial bounded algorithm.
Unfortunately, there are simple counterexamples for this property, as well.

times. For each j, 1 ~ j ~ n, the three jobs A 3j - 2 , A 3j-I, and A 3j all finish by
j (L + 4B), and their total weight is 4B. Hence their collective weighted tardiness is
at most j(L + 4B)4B. Hence
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Appendix
The following proof of the unary NP-completeness of the weighted tardiness
problem was communicated to the author by M.R. Garey and D.S. Johnson. An
alternative proof has been developed by J .K. Lenstra. [12].
The so-called 3-partition problem was shown to be unary NP-complete in [4].
This problem is as follows. Given a set of 3n integers ab a2, ... , a3n between 1 and
B-1 such that ~ ai = nB, we wish to determine whether there is a partition of the
ai's into n groups of 3, each summing exactly to B.
The corresponding scheduling problem:

T( 7T) ~

ij=l j(4B)(L + 4B) = n(n,,+ 1) (4B)(L + 4B) = W -1,

and 7T is the desired schedule.
Conversely, suppose that 7T is such that T( 7T) ~ W - 1. Clearly no X-job can be
tardy, for even a tardiness of 1 would yield T( 7T)?!; W. Now define Wi to be the
total weight of the A -jobs which follow i X-jobs, with W n + 1 = 0 by convention.
Then
T(7T)?!;

ii=l (~- ~+l)(iL)

X,l~

"A "-jobs:

Ai, 1 ~ i

i

~

~.

L Wi?!; 1 + i

~ ?!;

(n - i + 1)4B, 1 ~ i

~

n.

(n - i + 1)4B = n(n,,+ 1)(4B)+ 1.

This would imply that

~3n.

p(A i ) = B + ai, 1 ~ i

~

w(A i ) = p(A i ) = B

~

n(n+1)

.

,",+l,l~l~n,

+ ai, 1 ~ i

d(X) = iL + (i -1)4B, 1 ~ i
d(A i ) = 0, 1 ~ i

T( 7T )

~ n,

3n.

w(X)= W=(L+4B)(4B)

Due dates:

Li
i=l

n.

Processing times: p(X) = L = (16B 2 ) n(n,",+ 1) + 1, 1 ~ i

Weights:

=

Since all X-jobs meet their due date, we must have
Suppose some Wi?!; (n - i + 1)4B + 1. Then

i=l

"X"-jobs:
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~

~

3n.

~ L (4 B) ( n {n2+ 1) ) + 16B 2 n {n"+ 1) + 1 = vv,

a contradiction.
Thus Wi. ~ (n - i + 1)4B, 1 ~ i ~ n. From this we conclude that the set of A -jobs
between Xi and X i + 1 in 7T has total weight 4B, 1 ~ i ~ n - 1, and similarly for the
set of A -jobs following X n • Since all A -jobs have B + 1 ~ w (A) ~ 2B - 1, each
such set must contain exactly 3 jobs. These n groups of 3 jobs correspond to the
desired partition. 0

n,

3n.
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A 3i - 2, A 3i -I, A 3i , ..., X n, A 3n - 2 , A 3n -I, A 3n ).
By assumption L?=-2P(A 3j- i ) = 4B for 1 ~ j ~ n. Thus X will
iL + (i -1)4B = d(Xi ), 1 ~ i ~ n, and so none of the X-jobs are
other hand, all the A jobs are tardy, with tardinesses equal to
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We survey and extend the results on the complexity of machine scheduling problems. After a
brief review of the central concept of NP-completeness we give a classification of scheduling
problems on single, different and identical machines and study the influence of various
parameters on their complexity. The problems for which a polynomial-bounded algorithm is
available are listed and NP-completeness is established for a large number of other machine
scheduling problems. We finally discuss some questions that remain unanswered.

1. Introduction
In this paper we study the complexity of machine scheduling problems. Section 2
contains a brief review of recent relevant developments in the theory of computational complexity, centering around the concept of NP-completeness. A classification of machine scheduling problems is given in Section 3. In Section 4 we present
the results on the complexity of these problems: a large number of them turns out
to be NP-complete. Quite often a minor change in some parameter transforms an
NP-complete problem into one for which a polynomial-bounded algorithm is
available. Thus, we have obtained a reasonable insight into the location of the
borderline between "easy" and "hard" machine scheduling problems, although
some questions remain open. They are briefly discussed in Section 5.

Complexity theory
Recent developments in the theory of computational complexity as applied to
combinatorial problems have aroused the interest of many researchers. The main
for this must go to S.A. Cook [7] and R.M. Karp [25], who first explored the
between the classes PJ and .HPJ of (language recognition) problems
by deterministic and non-deterministic Turing machines respectively, in a
of steps bounded by a polynomial in the length of the input. With respect to
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