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Chapter 5, Exercise 3

(i)

peσ + qe−σ = 1

p+ q
(
e−σ

)2
= e−σ

q
(
e−σ

)2 − e−σ + p = 0

e−σ =
1 +
√

1− 4pq

2p

−σ = ln

(
1 +
√

1− 4pq

2p

)
= ln(1 +

√
1− 4pq)− ln(2p)

= ln(1 +
√

1− 4p(1− p))− ln(2p)

= ln(1 +
√

1− 4p+ 4p2)− ln(2p)

= ln(1 +
√

(1− 2p)2)− ln(2p)

= ln(1 + (1− 2p))− ln(2p)

= ln(2− 2p)− ln(2p)

σ = ln(2p)− ln(2− 2p)

σ = ln

(
2p

2− 2p

)
σ = ln

(
p

q

)

1



(ii)

We know from 5.2 that the following is a martingale:

Sn = eσMn

(
1

f(σ)

)n
Sn+1 = Sne

σXn+1

(
1

f(σ)

)

Taking the limit as n goes to infinity of:

1 = S0 = ESn∧τ1 = E

[
eσMn∧τ1

(
1

f(σ)

)n∧τ1]

Gives:

E
[
I{τ1<∞}e

σ

(
1

f(σ)

)τ1]
= 1

Taking the limit of this as σ ↓ σ0 we find that:

P{t1 <∞} =
p

q

(iii)

If we set α to satisfy:

α =

(
1

f(σ)

)

Because of (i) we know that taking σ > σ0, we get α ∈ (0, 1).

Solving for eσ gives:
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α =
1

peσ + qe−σ

αpeσ + αqe−σ − 1 = 0

αp (eσ)
2 − eσ + αq = 0

eσ =
1−

√
1− 4α2pq

2αp

Filling in this gives us:

E

[
I{τ1<∞}

1−
√

1− 4α2pq

2αp
ατ1

]
= 1

E
[
I{τ1<∞}α

τ1
]

=
2αp

1−
√

1− 4α2pq

E[I{τ1=∞}α
τ1 ] = 0 α < 1

E [ατ1 ] =
2αp

1−
√

1− 4α2pq

(iv)

Taking the derivative of:

∂

∂α
E
[
I{τ1<∞}α

τ1
]

=
∂

∂α

2αp

1−
√

1− 4α2pq

E
[
I{τ1<∞}τ1α

τ1−1
]

=

1√
1−4α2pq

− 1

2a2p

Taking the limit of this as α ↑ 1 (that is, σ ↓ σ0):

E
[
I{τ1<∞}τ1

]
=

1√
1−4pq − 1

2p

E
[
I{τ1<∞}τ1

]
=

1
1−2p − 1

2p

E
[
I{τ1<∞}τ1

]
=

1

2p− 4p2
− 1

2p
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Chapter 5, Exercise 4

(ii)

P(τ2 = 2k) = P(τ2 ≤ 2k)− P(τ2 ≤ 2k − 2)

P(τ2 ≤ 2k) = P(M2k = 2) + 2P(M2k ≥ 4)

= P(M2k = 2) + P(M2k ≥ 4) + P(M2k ≤ −4)

= 1− P(M2k = 0)− P(M2k = −2)

= 1− (2k)!

k!k!

(
1

2

)2k

− (2k)!

(k + 1)!(k − 1)!

(
1

2

)2k

P(τ2 = 2k) = 1− (2k)!

k!k!

(
1

2

)2k

− (2k)!

(k + 1)!(k − 1)!

(
1

2

)2k

− 1 +
(2k − 2)!

(k − 1)!(k − 1)!

(
1

2

)2k−2

+
(2k − 2)!

(k!(k − 2)!

(
1

2

)2k−2

= −
(

1

2

)2k (
(2k)!

k!k!
+

(2k)!

(k + 1)!(k − 1)!

)
+

(
1

2

)2k−2(
(2k − 2)!

(k − 1)!(k − 1)!
+

(2k − 2)!

k!(k − 2)!

)
= −

(
1

2

)2k (
(2k)!

k!k!
+

(2k)!

(k + 1)!(k − 1)!

)
+

(
1

2

)2k (
4(2k − 2)!

(k − 1)!(k − 1)!
+

4(2k − 2)!

k!(k − 2)!

)
= −

(
1

2

)2k (
(2k)!

k!k!
+

(2k)!

(k + 1)!(k − 1)!
+

4(2k − 2)!

(k − 1)!(k − 1)!
+

4(2k − 2)!

k!(k − 2)!

)
= −

(
1

2

)2k (
(2k)!

k!k!
+

(2k)!

(k + 1)!(k − 1)!
+

4(2k − 2)!

(k − 1)!(k − 1)!
+

4(2k − 2)!

k!(k − 2)!

)
=

(
1

2

)2k
(2k)!

(k + 1)!k!
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